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ON GAUSS-BONNET AND POINCARE´-HOPF TYPE
THEOREMS FOR COMPLEX ∂-MANIFOLDS
MAURI´CIO CORREˆA, FERNANDO LOURENC¸O, DIOGO MACHADO,
AND ANTONIO M. FERREIRA
To Omegar Calvo-Andrade on the occasion of his 60th birthday
Abstract. We prove a Gauss-Bonnet and Poincare´-Hopf type theorems for
complex ∂-manifold X˜ = X−D, where X is a complex compact manifold and
D is a reduced divisor. We will consider the cases such that D has isolated
singularities and also if D has a (not necessarily irreducible) decomposition
D = D1 ∪D2 such that D1, D2 have isolated singularities and C = D1 ∩D2
is a codimension 2 variety with isolated singularities.
1. Introduction
Let X be a compact complex manifold of dimension n. The classical Chern-
Gauss-Bonnet theorem [7] say us that∫
X
cn(Ω
1
X) = (−1)
nχ(X),(1)
where χ(X) denotes the Euler characteristic of X . A complex ∂-manifold [24] is a
complex manifold of the form X˜ = X −D, where X is an n-dimensional complex
compact manifold and D ⊂ X is a divisor which is called by boundary divisor.
S. Iitaka in [19] proposed a version of Gauss-Bonnet theorem for ∂-manifold [24].
Such version was independently proved by Y. Norimatsu [24], R. Silvotti [28] and
P. Aluffi [2]:
Theorem (Norimatsu-Silvotti-Aluffi). Let X˜ be a complex manifold such that X˜ =
X−D, where X is an n-dimensional complex compact manifold and D is a normally
crossing hypersurface on X. Then∫
X
cn(Ω
1
X(log D)) = (−1)
nχ(X˜),
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where Ω1X(log D) denotes the sheaf of logarithmics 1-forms along D and χ(X˜) de-
notes the Euler characteristic given by
χ(X˜) =
n∑
i=1
dim Hic(X˜,C).
X. Liao has provided formulas in [22] in terms of Chern-Schwartz-MacPherson class.
On the other hand, the Poincare´-Hopf theorem applied for a compact complex ma-
nifoldX with a holomorphic vector field v ∈ H0(X,TX), with isolated singularities,
give us the following
χ(X) =
∑
p∈Sing(v)∩X
PH(v, p),
where PH(v, p) denotes the Poincare´-Hopf index of v on p. In [8] the first and
third named authors have proved the following Poincare´-Hopf type theorem for
∂-manifolds with boundaries divisors having normal crossing singularities.
Theorem. Let X˜ be a complex manifold such that X˜ = X − D, where X is an
n-dimensional complex compact manifold, D is a reduced normal crossing hyper-
surface on X. Let v be a holomorphic vector field on X, with isolated singularities
(non-degenerates) and logarithmic along D. Then
χ(X˜) =
∑
x∈Sing(v)∩X˜
PH(v, x),
where PH(v, x) denotes the Poincare´-Hopf index of v at x.
In this work we will provide a Gauss-Bonnet and Poincare´-Hopf type theorems
for ∂-manifolds of the form X˜ = X −D, where X is a complex compact manifold
and D is a reduced divisor which is not normal crossing. More precisely, we will
consider the case such that D has isolated singularities and also if D has a (not
necessarily irreducible) decomposition D = D1∪D2 such that D1, D2 have isolated
singularities and C = D1∩D2 is a codimension 2 variety with isolated singularities.
In this case, the sheaf of logarithmics 1-forms Ω1X(log D) is not locally free, therefore
the demonstration of these formulas, by calculating the Chern classes, requires an
appropriate treatment, as we will see in the subsection 2.3.
Let us fix some notations before we state our main result: LetW ⊂ X an analytic
subspace and v ∈ H0(X,TX) a holomorphic vector field, we will denote by
PH(v,W ) =
∑
x∈W
PH(v, x),
µ(D,W ) =
∑
x∈W
µx(D),
GSV (v,D,W ) =
∑
x∈W
GSV (v,D, x),
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where PH(v, x) andGSV (v,D, x) denote, respectively, the Poincare´-Hopf and GSV
index of a vector field v at p and µx(D) is the Milnor number of D at x. We also
will denote S(W ) := Sing(W ) and S(v,W ) := [Sing(v) ∩W ] ∪ Sing(W ).
We prove the following result:
Theorem 1.1. Let X˜ be a complex manifold such that X˜ = X −D, where X is
an n-dimensional (n ≥ 3) complex compact manifold and D is a reduced divisor on
X. Given any (not necessarily irreducible) decomposition D = D1 ∪D2, where D1,
D2 have isolated singularities and C = D1 ∩D2 is a codimension 2 variety and has
isolated singularities,
(i) (Gauss-Bonnet type formula) the following formula holds
∫
X
cn(Ω
1
X(log D)) = (−1)
nχ(X˜) + µ(D1, S(D1)) + µ(D2, S(D2))− µ(C, S(C)).
(ii) (Poincare´-Hopf type formula) if v is a holomorphic vector field on X, with
isolated singularities and logarithmic along D, we have that
χ(X˜) = PH(v, Sing(v))−GSV (v,D1, S(v,D1))−GSV (v,D2, S(v,D2))+GSV (v, C, S(v, C))+
+(−1)n−1 [µ(D1, S(D1)) + µ(D2, S(D2))− µ(C, S(C))] .
Considering the particular case, where D is a divisor on X with isolated singu-
larities, we prove the following formulas:
Corollary 1.2. Let X˜ be a complex manifold such that X˜ = X −D, where X is
an n-dimensional (n ≥ 3) complex compact manifold and D is a reduced divisor on
X with isolated singularities. Then
(i) (Gauss-Bonnet type formula) the following formula holds
∫
X
cn(Ω
1
X(log D)) = (−1)
nχ(X˜) +
∑
p∈Sing(D)
µp(D).
(ii) (Poincare´-Hopf type formula) if v is a holomorphic vector field on X, with
isolated singularities and logarithmic along D, we have that
χ(X˜) =
∑
x∈Sing(v)
PH(v, x) −
∑
x∈S(v,D)
GSV (v,D, x) + (−1)n−1
∑
x∈Sing(D)
µx(D).
Moreover, if the vector field v has only non-degenerate singularities, then
χ(X˜) =
∑
x∈Sing(v)∩[X−Dreg ]
PH(v, x)−
∑
x∈Sing(D)
[
GSV (v,D, x) + (−1)n−1µx(D)
]
.
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Finally, we proof the following formula
χ(Pn \D) =
n∑
i=0
(−1)i(d− 1)i + (−1)n+1
∑
p∈Sing(D)
µp(D),
whereD is a reduced divisor with isolated singularities. This result is known joining
the results in ([18], pg 1537) and ([14], Proposition 2.3). Moreover, we proof the
following generalization.
Corollary 1.3. Given any (not necessarily irreducible) decomposition D = D1∪D2,
where D1, D2 have isolated singularities and C = D1∩D2 is a codimension 2 variety
and has isolated singularities, then
χ(Pn\D) = (−1)n
n∑
i=0
σn−i(d1−1, d2−1)+(−1)
n+1 [µ(D1, S(D1)) + µ(D2, S(D2))− µ(C, S(C))] ,
where σn−i is the complete symmetric function of degree n− i and dj = deg(Dj),
for j = 1, 2.
Acknowledgments. We are grateful to A. G. Aleksandrov for interesting and
fruitful conversations. The first named author was partially supported by CNPq
and CAPES and he is grateful to University of Oxford for hospitality.
2. Preliminaries
2.1. Logarithmic forms and logarithmic vector fields. Given X a complex
manifold of dimension n and D a reduced hypersurface on X . Let ΩqX(D) be the
sheaf of differential q-forms on X with at most simple poles along D.
A logarithmic q-form along D on an open subset U ⊂ X is a meromorphic q-
form ω on U , regular on U −D and such that both ω and dω have at most simple
poles along D. Logarithmic q-forms along D form a coherent sheaf of OX -modules
denoted by ΩqX(log D), in this case, for any open subset U ⊂ X we have
Γ(U,ΩqX(log D)) = {ω ∈ Γ(U,Ω
q
X(D)) : dω ∈ Γ(U,Ω
q+1
X (D))}.
See for example [12], [20] and [26] for more details about the sheaf of logarithmic
q-forms along D.
Now, consider Ω1X(log D), the sheaf of logarithmic 1-form along D, its dual sheaf
is the sheaf of logarithmic vector fields along D, denoted by TX(− log D). We have
an exact sequence
0 // TX(− log D) // TX // JD(D) // 0
where JD is the Jacobian ideal of D which is defined as the Fitting ideal
JD := F
n−1(Ω1D) ⊂ OD.
Saito in [26] has showed that in general Ω1X(log D) and TX(− log D) are reflexive
sheaves. If D is an analytic hypersurface with normal crossing singularities, the
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sheaves Ω1X(log D) and TX(− log D) are locally free, furthermore, the Poincare´
residue map
Res : Ω1X(log D)
// OD ∼=
⊕N
i=1ODi
gives us the following exact sequence of sheaves on X
0 // Ω1X
// Ω1X(log D)
Res
//
⊕N
i=1ODi
// 0,(2)
where Ω1X is the sheaf of holomorphics 1-forms on X and D1, . . . , DN are the
irreducible components of D.
Now, if D is such that codimX(Sing(D)) > 2 then there exist the following exact
sequence of sheaves on X (see V. I. Dolgachev [13]):
0 // Ω1X
// Ω1X(log D)
// OD // 0.(3)
2.2. Multi-logarithmic forms. We give here the definition and basics properties
about multi-logarithmic differential forms. For more details and properties we refer
[1] and [25].
Suppose D = D1 ∪ · · · ∪Dk a decomposition of reduced hypersurface D on the
complex manifold X , where each Di is a hypersurface defined by the holomorphic
function hi for i = 1, · · · , k on an open subset U ⊂ X , and C = D1 ∩ · · · ∩Dk is a
reduced complete intersection.
A Multi-logarithmic q-form along of complete intersection C on an open subset
U ⊂ X is a meromorphic q-form ω on U , regular on U −D and such that ω have
at most simple poles along D and
dhi ∧ ω ∈
k∑
i=1
Ωq+1(D̂i) for all i ∈ {1, · · · , k},
where D̂i = D1 ∪ · · · ∪Di−1 ∪Di+1 ∪ · · · ∪Dk.
We denote by ΩqX(logC) the coherent sheaf of germs of multi-logarithmic q-forms
along C. A. G. Aleksandrov [1] has proved the following result that characterizes
multi-logarithmic forms.
Theorem 2.1 (A. G. Aleksandrov, [1]). Let ω ∈ ΩqX(D), then ω is multi-logarithmic
along C if, and only if, there is a holomorphic function g ∈ OX which is not identi-
cally zero on every irreducible component of the C, a holomorphic differential form
ξ ∈ Ωq−kX and a meromorphic q-form η ∈
∑k
i=i Ω
q
X(D̂i) such that there exists the
following representation
gω =
dh1 ∧ · · · ∧ dhk
h1 · · ·hk
∧ ξ + η.
For q < k we have the equality (see [25], Remark 2.6)
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ΩqX(logC) =
k∑
i=i
ΩqX(D̂i).
Observe that if q = 1 and k = 2 we have
(4) Ω1X(logC) = Ω
1
X(D1) + Ω
1
X(D2)
Remark 2.2. Theorem 2.4 (and Lemma 2.3), was demonstrated by A. G. Alek-
sandrov [1], with the hypothesis that Ω1(logD) is generated by closed forms, but
we observe that this is not necessary for k = 2.
Lemma 2.3. Let D = D1∪D2 be a reduce hypersurface on X, where Di is a reduced
hypersurface, for i = 1, 2, and C = D1∩D2 is a reduced complete intersection, then
Ω1X(logD) ⊂ Ω
1
X(logC).
Proof. Let h1, h2 and h = h1h2 be the equations which defines D1, D2 and D,
respectively, on an open subset U ⊂ X . Given ω ∈ Ω1X(logD), we have that
θ := dh ∧ ω is holomorphic. Thus,
(5) θ = h2dh1 ∧ ω + h1dh2 ∧ ω ⇒ dh1 ∧ ω =
θ
h2
− h1
dh2
h2
∧ ω.
Note that θ/h2 ∈ Ω
2
X(D2). Therefore, it is only necessary to prove that
h1
dh2
h2
∧ ω ∈ Ω2X(D2).
Since Ω•X(logD) is ∧-closed (see [26], 1.3 (ii)), we have that
dh2
h2
∧ ω ∈ Ω2X(logD)
and, consequently, h2(h1
dh2
h2
∧ω) = h
dh2
h2
∧ω is holomorphic. Thus, we get dh1∧ω ∈
Ω2X(D2). Analogously, we can show that dh2 ∧ ω ∈ Ω
2
X(D1).

Proposition 2.4. Let D = D1 ∪ D2 be a reduce hypersurface on X, where Di
is a reduced hypersurface, for i = 1, 2, and C = D1 ∩ D2 is a reduce complete
intersection, then
Ω1X(logD) = Ω
1
X(logD1) + Ω
1
X(logD2).
Proof. Note that Ω1X(logD1)+Ω
1
X(logD2) ⊂ Ω
1
X(logD). On the other hand, given
ω ∈ Ω1X(logD), by Lemma 2.3 and equality (4), we have
ω =
θ1
h1
+
θ2
h2
,
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where θ1 and θ2 are holomorphics 1-forms. Calculating the holomorphic 2-form
dh ∧ ω, we get
dh ∧ ω = h2dh1 ∧
θ1
h1
+ h2dh1 ∧
θ2
h2
+ h1dh2 ∧
θ1
h1
+ h1dh2 ∧
θ2
h2
=
= dh1 ∧ θ2 + dh2 ∧ θ1 + h2dh1 ∧
θ1
h1
+ h1dh2 ∧
θ2
h2
.
Consequently,
h2dh1 ∧
θ1
h1
+ h1dh2 ∧
θ2
h2
is holomorphic. Since (h1, h2) is a regular sequence, we get dhi∧θi = hiαi for some
holomorphic form αi and i = 1, 2. Then each dhi ∧
θi
hi
is holomorphic and thus we
obtain
ω =
θ1
h1
+
θ2
h2
∈ Ω1X(logD1) + Ω
1
X(logD2).

2.3. On the Chern class computations. Let D be a reduced divisor on X and
consider a decomposition (not necessarily irreducible) D = D1 ∪D2, where D1 and
D2 have isolated singularities. We have that the sheaves Ω
1
X(logD1),Ω
1
X(logD2)
and Ω1X(logD) are not locally free and therefore not all the properties of the Chern
classes for bundles are applicable in here.
In any case, we have (see [1], Claim 3) the following sequence
0 // Ω1X
// Ω1X(logD1)⊕ Ω
1
X(logD2)
// Ω1X(logD1) + Ω
1
X(logD2)
// 0,
and since Ω1X(logD1) + Ω
1
X(logD2) = Ω
1
X(logD), by Proposition 2.4, we obtain
the exact sequence
0 // Ω1X
// Ω1X(logD1)⊕ Ω
1
X(logD2)
// Ω1X(logD)
// 0.(6)
On the other hand, since Ω1X(logD1),Ω
1
X(logD2) and Ω
1
X(logD) reflexives sheaves
(see [26], Corollary 1.7), and using the sequences (6) we obtain
c(Ω1X)c(Ω
1
X(logD)) = c(Ω
1
X(logD1)⊕ Ω
1
X(logD2)).
Thus
c(Ω1X)c(Ω
1
X(logD)) = c(Ω
1
X(logD1))c(Ω
1
X(logD2))
= c(Ω1X)c(OD1 )c(Ω
1
X)c(OD2 ),
where in last equality we use the following relations
c(Ω1X(logDi)) = c(Ω
1
X)c(ODi), i = 1, 2,(7)
which can be obtained from the exact sequence (3). Therefore, we obtain the
following expression for the Chern class of the sheaf Ω1X(logD)
c(Ω1X(logD)) = c(OD1)c(OD2)c(Ω
1
X),(8)
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which will be essential in the calculations below.
2.4. The GSV-Index. X. Gomez-Mont, J. Sead and A. Verjovsky [17] introduced
the GSV-index for a holomorphic vector field over an analytic hypersurface, with
isolated singularities, on a complex manifold, generalizing the (classical) Poincare´-
Hopf index. The GSV-index was extended for holomorphic vector fields on more
general contexts. J. Seade e T. Suwa in [27], have defined the GSV-index for holo-
morphic vector fields on analytic subvarieties with isolated complete intersection
singularity. J.-P. Brasselet, J. Seade and T. Suwa in [4], extended the notion of
GSV-index for vector fields defined in certain types of analytical subvariety with
non-isolated singularities.
In [16] X. Gomez-Mont introduced the homological index of holomorphic vector
field on an analytic hypersurface with isolated singularities, which coincides with
GSV-index. There is also the virtual index, introduced by D. Lehmann, M. Soares
and T. Suwa [21], that via Chern-Weil theory can be interpreted as the GSV-index.
M. Brunella [6] also present the GSV-index for foliations on complex surfaces by
a different approach and in [9] the authors have introduced a GSV type index for
varieties invariant by holomorphic Pfaff systems.
Let us recall the definition of the GSV-index ([5], Ch.3, 3.2). Let D be a hyper-
surface with isolated singularities on an n-dimensional complex manifold X and let
v be a holomorphic vector fields on X , with isolated singularities, and logarithmic
along D. Given a singular point x0 ∈ Sing(D), let h be an analytic function defin-
ing D on a neighborhood U0 of x0. The gradient vector field grad (h) is nowhere
vanishing away from x0 (because x0 is an isolated singularity) and it is normal to
D.
Denote by v∗ the restriction of v to the regular part Dreg = D − Sing(D) of
D. On the neighborhood U0, suppose that the vector fields v is non-singular away
from x0. Since v is logarithmic along D, we have that grad (h)(z) and v∗(z) are
linearly independent at each point z ∈ U0 ∩ (D − {x0}). Assume that (z1, . . . , zn)
is a system of complex coordinates on U0 and consider
Sε = {z = (z1, . . . , zn) : || z − x0 || = ε}
the sphere sufficienttly small so that K = D ∩ Sε is the link of the singularity of D
at x0 (see, for example, [23]). It is an (2n− 1)-dimensional real oriented manifold.
By using the Gram-Schmidt process, if necessary, the vector fields v∗ and grad (h)
define a continuous map
φv := (v∗, grad (h)) : K −→W2,n+1
where W2,n+1 is the Stiefel manifold of complex 2-frames in C
n+1.
Definition 2.5. The GSV-index of v in x0 ∈ D, denoted by GSV (v,D, x0), is
defined as the degree of map φv.
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Remark 2.6. In the definition 2.5 the vector fields v can be considered continuous
rather then holomorphic vector fields. For more details see [5], [17] , [29].
Remark 2.7. If x0 ∈ Dreg is a regular point of D, since v logarithmic along
D, we have that the Poincare´-Hopf index of v|D in x0 is defined and it coincides
with the GSV-index. In this case, if x0 is a non-degenerate singularity of v, then
PH(v, x0) = PH(v|D, x0) and we have
GSV (v,D, x0) = PH(v, x0).(9)
3. Proof of Theorems
In order to prove the Theorem 1.1 and the Corollary 1.2 we will prove the
following preliminary result:
Theorem 3.1. Let X be an n-dimensional (n ≥ 3) complex compact manifold and
D a reduce divisor on X.
(i) If D = D1 ∪ D2 is any (not necessarily irreducible) decomposition, where
D1, D2 is isolated singularities and C = D1∩D2 is a codimension 2 variety
and has isolated singularities, then
∫
X
cn(Ω
1(logD)) = (−1)n
[∫
X
cn(TX)−
∫
D1
cn−1(TX − [D1])−
∫
D2
cn−1(TX − [D2])
]
+
+
[∫
C
cn−2(TX − [D1]⊕ [D2])
]
.
(ii) If D is an isolated singularity divisor, then
∫
X
cn(Ω
1
X(logD) = (−1)
n
[∫
X
cn(TX)−
∫
D
cn−1(TX − [D])
]
.(10)
Proof. We prove the item (i) and the (ii) is similar.
By the equation (8)
c(Ω1X(logD)) = c(OD1)c(OD2)c(Ω
1
X),
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we have,
∫
X
cn(Ω
1
X(logD)) =
∫
X
∑
i1+i2+i3=n
ci1(OD1)ci2 (OD2)ci3(Ω
1
X) =
=
∫
X
cn(Ω
1
X) +
∑
i2+i3=n
i2≥1
∫
X
ci2(OD2)ci3(Ω
1
X) +
∑
i1+i3=n
i1≥1
∫
X
ci1(OD1)ci3(Ω
1
X) +
+
∑
i1+i2+i3=n
i1,i2≥1
∫
X
ci1(OD1)ci2 (OD2)ci3(Ω
1
X) =
= (−1)n
∫
X
cn(TX) +
∑
i2+i3=n
i2≥1
∫
X
c1([D2])
i2ci3(Ω
1
X) +
∑
i1+i3=n
i1≥1
∫
X
c1([D1])
i1ci3(Ω
1
X) +
+
∑
i1+i2+i3=n
i1,i2≥1
∫
X
c1([D1])
i1c1([D2])
i2ci3(Ω
1
X),
where in the last step we are using that cij (ODj ) = c1([Dj ])
ij , since c(ODj ) =
c([Dj ])
−1, for j = 1, 2.
The proof will be finalized by calculating each sum on the right hand side.
Indeed, in the first one, by using that c1([D2]) is Poincare´ dual to the fundamental
class of D2, we obtain
∑
i2+i3=n
i2≥1
∫
X
c1([D2])
i2ci3(Ω
1
X) =
∫
D2
∑
i2+i3=n
i2≥1
c1([D2])
i2−1ci3(Ω
1
X)
=
∫
D2
cn−1(Ω
1
X − [D2]
∗)
= (−1)n−1
∫
D2
cn−1(TX − [D2]),
where in the last step we are using the relation between the Chern classes of a
vector bundle and of its dual. Similarly, we obtain
∑
i1+i3=n
i1≥1
∫
X
c1([D1])
i2ci3(Ω
1
X) = (−1)
n−1
∫
D1
cn−1(TX − [D1]).
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Finally, the last sum can be calculated by using that c1([D1])c1([D2]) is Poincare´
dual to the fundamental class of C = D1 ∩D2. Thus,∑
i1+i2+i3=n
i1,i2≥1
∫
X
c1([D1])
i1c1([D2])
i2ci3(Ω
1
X) =
∑
i1+i2+i3=n
i1,i2≥1
∫
C
c1([D1])
i1−1c1([D2])
i2−1ci3(Ω
1
X)
=
∫
C
cn−2(Ω
1
X − [D2]
∗ − [D1]
∗)
= (−1)n−2
∫
C
cn−2(TX − [D1]⊕ [D2]).
Therefore, we conclude that∫
X
cn(Ω
1(logD)) = (−1)n
[∫
X
cn(TX)−
∫
D1
cn−1(TX − [D1])−
∫
D2
cn−1(TX − [D2])
]
+
+
[∫
C
cn−2(TX − [D1]⊕ [D2])
]
.

Proof of Theorem 1.1: Using the classical Chern-Gauss-Bonnet formula (1), we
obtain ∫
X
cn(TX) = (−1)
n
∫
X
cn(Ω
1
X) = χ(X).(11)
From [29, Theorem 3.9], we have that∫
Di
cn−1(TX − [Di]) = χ(Di) + (−1)
n−1
∑
p∈Sing(Di)
µp(Di), i = 1, 2.(12)
Moreover, since the complete intersection C = D1 ∩ D2, its normal bundle is
([D1]⊕ [D2])|C , and once again from [29, Theorem 3.9]) we have that∫
C
cn−2(TX − [D1]⊕ [D2]) = χ(C) + (−1)
n−2
∑
p∈Sing(C)
µp(C).(13)
Now, substituting (11), (12) and (13) in the formula of item (i) of Theorem 3.1,
we get the desired formula ∫
X
cn(Ω
1
X(log D)) =(14)
(−1)nχ(X˜) +
∑
p∈Sing(D1)
µp(D1) +
∑
p∈Sing(D2)
µp(D2) +
∑
p∈Sing(C)
µp(C).
On the other hand, if v is a holomorphic vector field on X , with isolated sin-
gularities and logarithmic along D1, D2 and C, it follows from [29, Theorem 7.16]
that for each i = 1, 2∫
Di
cn−1(TX − [Di]) =
∑
x∈S(v,Di)
GSV (v,Di, x)(15)
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and ∫
C
cn−2(TX − [D1]⊕ [D2]) =
∑
x∈S(v,C)
GSV (v, C, x),(16)
where S(v, C) = [Sing(v)∩C]∪Sing(C) and GSV (v, C, x) denotes the GSV-index
of v (relative to C) at x. Thus, using the classical Poincare´-Hopf Theorem, (15)
and (16) in the item (i) of Theorem 3.1 we get
(−1)n
∫
X
cn(Ω
1
X(log D)) =
=
∑
x∈Sing(v)
PH(v, x)−
∑
x∈S(v,D1)
GSV (v,D1, x)−
∑
x∈S(v,D2)
GSV (v,D2, x) +
∑
x∈S(v,C)
GSV (v, C, x).
Now, replacing it in the formula (14), we get
χ(X˜) =
∑
x∈Sing(v)
PH(v, x)−
∑
x∈S(v,D1)
GSV (v,D1, x)−
∑
x∈S(v,D2)
GSV (v,D2, x) +
+
∑
x∈S(v,C)
GSV (v, C, x) + (−1)n−1

 ∑
p∈Sing(D1)
µp(D1) +
∑
p∈Sing(D2)
µp(D2) +
∑
p∈Sing(C)
µp(C)

 .

For the proof of Corollary 1.2 it uses the same techniques.
4. Proof Corollary 1.3
First of all, we proof the following formula
χ(Pn \D) =
n∑
i=0
(−1)i(d− 1)i + (−1)n+1
∑
p∈Sing(D)
µp(D).
Indeed, it follows for Corollary 1.2 that
(−1)nχ(Pn \D) =
∫
Pn
cn(Ω
1
Pn
(log D))−
∑
p∈Sing(D)
µp(D).
The total Chern classe of c(Ω1
Pn
(log D)) is
c(Ω1
Pn
(log D)) =
c(Ω1
Pn
)
c(OPn(−d))
= c(Ω1
Pn
−OPn(−d)).
In particular, cn(Ω
1
Pn
(log D)) = cn(Ω
1
Pn
− OPn(−d)) = cn(Ω
1
Pn
⊗ OPn(d))). Since
cn(Ω
1
Pn
⊗OPn(d))) = (−1)
ncn(TPn ⊗OPn(−d))), we conclude that
cn(Ω
1
Pn
(log D)) = (−1)ncn(TPn ⊗OPn(−d))).
We have
cn(TPn ⊗OPn(−d))) =
n∑
i=0
(1 − d)ihn =
n∑
i=0
(−1)i(d− 1)ihn.
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Thus, we get
(−1)nχ(Pn \D) = (−1)n
n∑
i=0
(−1)i(d− 1)i −
∑
p∈Sing(D)
µp(D).
The general formula that appear in Corollary 1.3 can be computed similarly
using the Theorem (1.1) and the equation (8) which give us
cn(Ω
1
Pn
(log D1 ∪D2)) =
[
c(Ω1
Pn
)
c(OPn(−d1))c(OPn(−d2))
]
n
=
[
(1− h)n+1
(1− d1h)(1 − d2h)
]
n
.
It follows from [10, Proposition 4.4] that[
(1− h)n+1
(1− d1h)(1− d2h)
]
n
=
n∑
i=0
σn−i(d1 − 1, d2 − 1)h
n,
where σn−i is the complete symmetric function of degree n− i.
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